This paper deals with the fault-tolerance of systems that are symmetric with respect to the dihedral group Dm. The group Dm generally represents the geometric symmetry of a regular m-gon. We reveal the underlying mathematical mechanism of the loss of controllability for Dm-symmetric systems induced by failures and derive a necessary and sufficient condition to retain the controllability despite a failure. Moreover, we show the minimum number of functioning modules needed to retain the controllability despite the failures. It serves for a quantitative evaulation of fault-tolerance.
Introduction
Study on the fault-tolerance of symmetric control systems are mostly concerned with the graph-theoretic connectivity1)3)4) and only few researches with the control theoretic characteristics. This paper discusses the faulttolerance of symmetric systems with respect to controllability, which is a fundamental characteristic of control systems. We consider the controllability of a system as a characteristic that should be retained in spite of failures in some control channels, and clarify those failures which enable the symmetric system to retain its controllability.
A first attempt in this direction is found in 7), where the fault-tolerance of some symmetric systems has been evaluated. The analysis has revealed the failure patterns that retain the controllability of the system. Whereas 7) has dealt with the restricted class of symmetric systems as ring-type homogeneous systems7) Fig. 1 , for example), the present paper will be concerned with systems with dihedral group symmetry so as to systematize and generalize the results in 7) on the fault-tolerance with respect to the controllability.
An interesting relationship between the symmetry and the fault-tolerance has been observed in 7) . That is, when some failures cause a symmetric system to be uncontrollable, the system after the failures has certain symmetry as well. Now 
that is, Si is supposed to have no control input from its own control channel(1). According to the failure defined in (8), let M and N denote the index sets of the functioning modules and of the modules in the outage, respectively. The failure pattern of the system is thus described by the pair of M and N. In addition, we introduce the failure matrix F of order r in such a way that the matrix BF has zero column blocks that correspond to the control channels in the outage. The system after the failures is thus denoted as (A, BF). Such a matrix F is given by F=(+)mi=1 Fi with (1) In the study of reliable control2)10), it is customary to define a failure of a system as the output of the actuators being zero by a switching condition. Step 3: The procedure to check for (2)(b) of Theorem 2 is summarized as follows.
(1 P=; 1 r be the decomposition of P into L disjoint orbits with respect to the action of a finite group G. Similarly to (22), the index set M of the functioning modules are decom- Corresponding to (1), (2)(a), (3)(a) and ( 
Conclusion
In this paper, we have revealed the underlying mathematical mechanism of the loss of controllability for regular polygonal symmetric systems induced by failures. According to the results, we have analyzed more complicated systems with the dihedral group symmetry including the ring-type systems. Moreover, we have shown the minimum number of functioning modules needed to retain the controllability of the entire symmetric system in spite of the failures. 
